We consider a slowly rotating rectangular billiard with moving boundaries and use canonical perturbation theory to describe the dynamics of a billiard particle. In the process of slow evolution certain resonance conditions can be satisfied. Correspondingly, phenomena of scattering on a resonance and capture into a resonance happen in the system. These phenomena lead to destruction of adiabatic invariance and to unlimited acceleration of the particle.
I. INTRODUCTION
Billiards are important models in the theory of dynamical systems and its applications (Ref. [1] [2] [3] ), especially in optics and matter-wave optics (see, e.g., Ref. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] ). Recently billiards with varying parameters became the object of studies ( see, e.g., Ref. [15] [16] [17] [18] [19] [20] [21] [22] ).
One of the most interesting questions in this area of research is Fermi acceleration (Ref. [23] ).
In the present paper we consider acceleration of a billiard particle due to scattering on resonances in a rectangular billiard with slowly varying parameters. We use the methods of analysis of these resonant phenomena designed for Hamiltonian systems with slow and fast variables (Ref. [24] ). The methods were developed and the corresponding theorems were proved for smooth systems. However, previous studies (Ref. [14, 16, 17] ) show that they can be also applied adequately for billiard systems, which possess discontinuities (impacts). In Ref. [16] , acceleration of a particle due to scattering on resonances and capture into a resonance was considered mostly for the case of crossing periodically a single low-order resonance. The numerical calculations revealed very slow acceleration, and a possibility of unlimited acceleration remained an open question. Here we describe a geometric obstacle for acceleration that considerably slows it down, so that it is hard to detect the energy growth numerically. When this obstacle is not present, the particle accelerates without bounds fast enough to clearly see the energy growth in numerical calculations.
II. THE MODEL
Let us consider a particle in a rectangle 2D box rotating at a constant angular velocity ω > 0. We assume that the rotation is slow: ω ≪ 1. The Hamiltonian of the system in the rotating coordinate frame is 
Inset: a single jump of the adiabatic invariant.
where p i , q i are canonically conjugate momenta and coordinates, respectively, and U(q 1 , q 2 , εt) is the hard wall potential of the 2D box, and ε is a small positive parameter (the time-dependence arises from motion of boundaries described below). The second term in Eq. (1) comes from switching to the rotating frame (where billiard is irrotational):
it is −ωL, where L = −(p 1 q 2 − p 2 q 1 ) is the angular momentum of the particle about the coordinate origin [28] . The rotation is needed to couple two degrees of freedom, otherwise the system would decouple on two one-dimensional billiards.
The Hamiltonian formalism outlined below is available in Ref. [16] and is given here for self-consistency of the presentation. Using a canonical transformation we introduce new variables (I i , φ i ), i = 1, 2 such that
where 2d i are lengths of the sides of the 2D box. We assume that these lengths slowly depend on time:
, where ε ∼ ω ≪ 1. If d i are constant, and the box does not rotate, the new variables (I i , φ i ) are just the action-angle variables of the system.
In the new variables the Hamiltonian of the system is:
Physically, the resonance condition means that frequencies of oscillation of a particle between pairs of opposite walls are commensurable (mω 1 = nω 2 , where
, j = 1, 2 are frequencies of oscillation "along" and "across" the rectangular billiard, correspondingly). If the resonance condition is met in the unperturbed billiard, the particle is moving along a closed trajectory.
The resonance condition defines a corresponding resonance ray in the plane of actions:
where α m:n is a slow function of time. 
2 ). However, as the time grows, the values of the lengths d i change and the system may approach a resonance. There, actions are no longer well-conserved, and two phenomena can happen: scattering on resonance and capture into the resonance. They are illustrated in Fig. 2 and Fig. 3 . Fig. 2 presents evolution of action I 1 in a billiard with periodically oscillating walls. The action undergoes small oscillations remaining almost constant until a resonance condition is fulfilled in the system. At a resonance, it may undergo a jump, which can be seen in detail in the inset of Fig. 2 . This is scattering on a resonance. Another option for a phase point is capture into the resonance shown in Fig.3 . As the system approaches a resonance, the phase point can be captured in it and continue its motion in is defined differently at different resonances), unlimited diffusion is now possible. Note that each resonance is crossed as a singe resonance, 'overlapping' means that some sector in the action plane is sweeped by several resonance rays, but in different times.
such a way that the resonance condition would persist. This is clearly demonstrated in a way that its trajectory remains almost closed even though geometry of the billiard is changing considerably.
Below we discuss these phenomena in a greater detail.
Consider the motion of a particle near a (m, n)-resonance. We make a canoni-
The physical meaning of this transformation is as follows. The new phase φ = mφ 1 − nφ 2 (the resonance phase) changes slowly near (m : n)− resonance, while the new phase ψ = −l 1 φ 1 +l 2 φ 2 changes fast. New actions R and J are canonically conjugate to φ and ψ, respectively. We will see that J is well conserved, while the magnitude of R experiences considerable dynamics in the vicinity of the resonance. This fact is useful for the partial averaging procedure outlined below.
The resonance condition now takes the form
In the new variables Hamiltonian (3) is H = H 0 (R, J, εt) + ωH 1 (R, J, φ, ψ, εt). The canonically conjugate pairs of variables are (R, φ) and (J, ψ). As noted above, it follows from the form of the Hamiltonian that ψ is a fast variable, and one can average the equations of motion over it. In the averaged system, J is the integral of motion and below we consider J as a parameter. We use another canonical transformation (R, φ) → (P, φ)
with generating function W 1 = (P + R res (J, εt))φ to introduce new 'action' variable P = R − R res ; the conjugate 'angle' variable is φ. This transformation allows us to obtain an effective Hamiltonian in a vicinity of the resonance, since the new action P measures the deviation of R from its resonance value. In a small neighborhood of the resonance where P is of order √ ε, the Hamiltonian takes the following form:
where Λ is H 0 on the resonance, and
The dynamics near the resonance depends on the properties of the resonance Hamiltonian F 0 . Consider this Hamiltonian at frozen values of J, εt. Corresponding phase portraits of the resonance Hamiltonian on the (φ, P )-plane are shown in Figure 1 . If |a| < |b|, the phase portrait has a separatrix and an oscillatory domain. If |a| > |b|, there is no such a domain in the phase portrait. To be definite, assume a < 0, b > 0. The area S of the oscillatory domain (in the case |a| < |b|) is a function of J and εt, and can be expressed as follows:
where F s 0 is the value of F 0 on the separatrix
and φ 1 , φ 2 are the roots of the integrand (in particular, φ 2 is the coordinate of the saddle point). The explicit expression for the area can be found in the Appendix. Now we take into account a slow evolution of parameter εt in the system. Suppose the area of the oscillation region S grows with time. In this case, additional space appears inside the oscillatory domain. Hence, phase points can cross the separatrix and change their mode of motion from rotational to oscillatory.
As mentioned above, this phenomenon is called a capture into a resonance. Note that for a phase point captured into the resonance, in the course of its motion in the phase portrait of Hamiltonian F 0 with slowly changing parameters, the internal adiabatic invariant (the area encircled by the point's orbit, divided by 2π ) is well conserved (see numerical calculations in Ref. [16] ).
It is important to trace the motion of the phase point in the plane of actions (I 1 , I 2 ).
Far from the resonance, a phase point undergoes small oscillations around its adiabatic position (a point (I
1 , I
2 ) in the action plane). As time goes, the resonance ray I 2 = α m:n (εt)I 1 slowly sweeps a sector (let us call it the resonance sector) on this plane. This resonance ray is a line passing through the origin and slowly periodically changing its slope between the minimal and maximal values, thus sweeping the resonance sector periodically. When the resonance ray passes through our phase point and captures it, the captured point leaves a vicinity of the initial adiabatic position R = R 0 = l 2 I Phase points that cross the resonance without being captured undergo a jump of adiabatic invariant R of order √ ε (and, therefore, jumps of I 1,2 , since I 1 = mR − l 1 J,
As mentioned above, this phenomenon is a scattering on a resonance.
Asymptotic formula for the jump in our case is (see also Ref. [24] for a general formula)
whereâ = a/ε,b = b/ε, φ * is the phase at which resonance crossing happen, andĥ * is the value of the Hamiltonian F 0 at this crossing (F * 0 ), rescaled to ε:ĥ * = F * 0 /ε. The value of ξ ≡ Frac[ĥ * /(2πâ * )] is uniformly distributed on the interval (0, 1) Both capture into a resonance and scattering on a resonance are probabilistic phenomena, and they are usual in systems with resonance crossings (see Ref. [24, 26, 27] ).
Multiple crossings through the resonance lead to diffusion of the adiabatic invariants due to multiple scattering on the resonance. Note that this diffusion happen along the resonance trajectory if only one resonance is taken into account. We discuss this question in a more detail in the next Section.
The phase point undergoes two crossings of the resonance per slow period, and the mean value of the change in action is equal, in the first approximation, to the area S * divided by 2π, with a corresponding sign depending on whether the area increases or decreases at the moment of crossing. The mean value of the total change in action after the two crossings is therefore zero. One can consider the jumps of R as a random walk with timestep equal to the half of the slow period and a quasi-random value of the jump is obtained from Eq.(12) with assumption of uniform distribution of ξ (Ref. [16, 25, 26] ).
So, the resulting dynamics in the action space is normal diffusion, at least far from the boundaries of the resonant sector sweeped by the resonance ray (near the boundaries, motion of the resonance ray slows down and the point effectively "touches" the resonance instead of crossing it; numerically, one can see that the point is reflected from the boundary of the sector).
The coefficient of diffusion can be found as follows. If there is no oscillatory domain in the phase portrait of F 0 , the mean value of the jump (12) is equal to zero, and the coefficient of diffusion is equal to the expectation value of (∆R)
2 , divided by half of the slow period, similar to that being done in Ref. [26] . It can be shown that the quasirandom variable ξ is uniformly distributed on (0, 1) and its values on consequent passages through the resonance are independent. In case there is the oscillatory domain in the phase portrait of F 0 , the mean value of the jump ∆R is not equal to zero, and the coefficient of diffusion can be found by calculating the expectation value of (∆R (1) + ∆R (2) ) 2 from (12) (where 
IV. ACCELERATION BY SEVERAL RESONANCES
Consider what is happening if parameters d i (t) are changed periodically in such a way that the particle repeatedly cross a single resonance. I.e., only one low-order resonance, say n:m, is crossed, while other resonances being crossed are of high order and can be neglected (While there is no precise distinction between low-and high-order resonances, in this paper we consider as high order resonances those for which |m| + |n| is bigger than const·ε −1/6 . This is a condition that the resonance alone does not produce any diffusion because its effect is so small that phases of subsequent passages through this resonance are strongly correlated, see also Ref. [26] ). Periodic scattering on the low-order resonance leads to diffusion in action space. However, jumps of I 1 and I 2 at the passage through the resonance are linearly dependent. Indeed, since J ≡ nI 1 + mI 2 ≈const at the passage through the resonance, jumps of I 1 and I 2 are dependent in such a way that in the action plane (I 1 , I 2 ) the particle is kicked along the corresponding line, J = J 0 =const. Since the resonance condition is I 2 = α m:n (εt)I 1 , one can easily see that the resonance ray will periodically sweep a sector on the plane of actions, and the particle will diffuse only along the part of the line J = nI 1 + mI 2 =const restricted by this sector. In other words, its diffusion in action space happens along the interval. This is an obvious geometric obstacle to unlimited acceleration. Of course, taking into account that near a low-order resonance there are always high-order resonances, one gets diffusion transverse to the interval J = J 0 , although very slow. Now, to let the energy of the particle to grow without bounds efficiently, we should allow at least two low-order resonances (say, n, m andn,m), and let the corresponding resonance sectors to overlap. Then, in the first sector diffusion happens along the line nI 1 + mI 2 =const and in the second sector along the linê nI 1 +mI 2 =const. Zigzag-type acceleration is possible: shift of the particle in the action space due to the first resonance is not parallel to the shift of the particle due to the other resonance. Even though the particle is trapped within the union of the two resonance sectors, it is now can drift to infinity staying within this combined sector. Schematically this mechanism is presented in Fig.4 .
Numerical examples are given in Figs 5-6. In Figure 5a one can see diffusion of the phase point in the action space restricted by a resonance sector. The particle is effectively trapped on an interval, and diffusion transverse to this interval is extremely slow. In Fig.   5b , due to subsequent crossings of several resonances, the particle can undergo unlimited diffusion. From stroboscopic shots of the position of the particle in action space shown in this Figure, peculiar properties of the motion of the particle can be recognized. There are regimes of motion where the particle diffuses along certain direction for a long time (when it is in a region of the action space swept by only one low order resonance), and there are regimes of motion, where it receives subsequent kicks in different directions (in the region of overlapping of resonance sectors). Similar results can be seen in Fig. 6b , where multiple scattering on three low-order resonances happens. Since diffusion of energy is bounded from below, we expect the total energy of the ensemble will also start grow with time after considerable spreading in energy happens.
It should be noted that the reasoning in this Section is of heuristic nature. While for the partially averaged system the formula Eq.(12) for the jump of action at the resonance and the statement about conservation of J are mathematically rigorous results, the using of these results in the exact two-frequency system is based on physically plausible reasoning.
We use numerical simulation in order to support heuristic reasoning.
